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ABSTRACT

We give a partial answer to the road coloring problem, a purely graph-
theoretical question with applications in both symbolic dynamics and
automata theory. The question is whether for any positive integer k& and
for any aperiodic and strongly connected graph G with all vertices of
out-degree k, we can label G with symbols in an alphabet of k letters so
that all the edges going out from a vertex take a different label and all
paths in G presenting a word W terminate at the same vertex, for some
W. Such a labelling is called synchronizing coloring of G. Any aperiodic
graph G contains a set S of cycles where the greatest common divisor of
the lengths equals 1. We establish some geometrical conditions on S to
ensure the existence of a synchronizing coloring.

1. Some background

Let G be a directed graph with set of vertices V and set of edges E. The out-
degree of the nodes of the graph is k. If H is a subgraph of G, then the sets of
vertices and edges of H will be denoted Vi and Eg respectively. Two subgraphs
H and K of G are disjoint if Ey N Ex = 0 and they are strongly disjoint if
Ve NVg =0.

The graph G is strongly connected if any vertex can reach any other vertex
by a path in G; G is aperiodic if V cannot be partitioned into d > 1 sets
Vi,..., V4 = Vg such that all edges (u,v) with u € V; have v € V. We say
that G has a coloring if there is a labelling of the edges of G with symbols
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in {ag,a1,az,...,a5-1} such that all edges going out from a node are labelled
differently.

Given any coloring of G we define maps a;: V —» V (for i =0,...,k—1) by
a;(z) = y if and only if there is an edge labelled a; going from z to y in G. We
say that G has a synchronizing coloring if there is a composition of the maps
a; which maps V into a single vertex.

The road coloring problem is to determine whether any aperiodic and
strongly connected graph G has a synchronizing coloring. This problem is stated
explicitly in [AGW77] in the context of symbolic dynamics and originates in
[AW70]. It is generally believed that the question has a positive answer and
several partial solutions have been found. In [OBr81] it is shown that a graph
with no multiple edges (i.e., no distinct edges in G have the same source and
the same target) and with a simple cycle of prime length has a synchronizing
coloring. In [F90] it is shown that a graph of out-degree 2 with a simple cycle of
length relatively prime to the weight of the graph (i.e., the sum of the components
of an integer Perron left eigenvector chosen with relatively prime components)
has a synchronizing coloring. Another special case, proven in [PS85], is that an
aperiodic graph of out-degree k with all vertices of in-degree 1 except one (these
graphs are trees where all leaves merge with the root), has a synchronizing color-
ing. In [JS95] it is shown that a graph of out-degree k which is decomposable in &
disjoint monochromatic subgraphs containing exactly one cycle, has a synchroniz-
ing coloring if the greatest common divisor of the lengths of the monochromatic
cycles equals 1. Besides the results that we have listed, we would like to men-
tion a couple of related points. The first is a result that appears in [AGW77]:
let M be the adjacency matrix of G and let n be an integer such that M™ has
all positive coefficients; for & > 0, let G*) denote the graph having as vertices
the paths of length k in G and as edges the pairs (s,t) with s = (s1,..., sg),
t = (sg,..., 8k Sk+1)- Then G®™ has a synchronizing coloring. In the language
of symbolic dynamics, this means that the system of finite type associated with
G is conjugate to one that has a synchronizing coloring. The second point is an
open problem known as the Cerny’s conjecture. It states that any graph G of
n nodes with synchronizing coloring has a synchronizing word of length at most
(n—1)2. Tt is simple to show that there exists a cubic bound. In [PS85] one finds
an example showing that the quadratic bound above cannot be improved.

The road coloring problem is a basic question in graph theory but has fun-
damental applications in automata theory: a synchronizing coloring makes the
behavior of an automaton resistant against input errors since, after the detection
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of an error, a synchronizing word can reset the automaton back to its original
state, as if no error had occurred; also, in the identification problem of automata,
a synchronizing word can put an unknown automaton in a prescribed state and
check suitable properties of this state. (For early works in this area, see [P77]
and [Pi78].)

In this paper we give a partial answer to the problem. Namely, we look at a set
S of cycles in G with greatest common divisor of their lengths equal to 1. For any
aperiodic graph G this set of cycles always exists, and in fact, there might exist
several of them. In Theorems 6 and 8 we give sufficient geometrical conditions
on S to ensure the existence of a synchronizing coloring. Theorems 3 and 5 are
consequences of Theorem 6, but we shall present them first to introduce the ideas

on which Theorem 6 is based. Theorem 3 implies, as a corollary, the result in
[JS95].

ACKNOWLEDGEMENT: We thank Daniele Beauquier for some comments on a
preliminary version of this paper and Misha Gromov for bringing this problem
to our attention.

2. Looping back and forth

A map defined over a colored graph G is intended to be a composition of the
maps a;, where i = 0,...,k— 1. When we refer to a map we will always intend it
to be defined over a labelled graph. In general, a map is defined from V to V but
at our convenience we might indicate the range of the map to be a subset of the
set of vertices V. An extension of a map h is a map [h obtained by composing
h with some map ! which is defined over the same graph of h.

PROPOSITION 1: Let G be a connected and directed graph whose nodes have
out-degree k and let C' be a cycle in it of length q. Suppose G is colored and
C monochromatic. Any map h: V — V¢ defined over G can be extended to a
map h': V — Ve such that |h' (V)| divides q. In particular, the map h' induces a
partition of V¢ in |W' (V)| equivalence classes.

The first part of the statement, i.e., the existence of a map h' such that |/ (V)]
divides ¢, is also proved in {OBr81].

Proof: Suppose that the edges of the cycle C are labelled with the symbol a.
Let h: V — Vi be a map defined over G (notice that the existence of a map with
image in V¢ implies that G is a connected graph) and let a’ be the map defined
by composing j times the map a, for some j > 1. The map o’ induces h(V) to
shift j times along C.
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First notice that V is divided through h in partitions of the form
[v] = {v € V| h(v) = h(uw)},

where each v € h(V') should lie in a different equivalence class by definition.

Let Y7,...,Y, be the equivalence classes induced by h such that V;NVy = 0. It
might be that there are no such classes. But, if there are, then we claim that we
can always extend h to a function g in such a way that all the equivalence classes
induced by g contain at least a node in V. Note that r < |h(V)| because there is
always at least one equivalence class that contains a node in Vio. Therefore, let us
suppose that » > 1 and let us look at the images h{uy),..., h(uy) of V under h,
where [u1], ..., [uy] are the equivalence classes of V. Since r > 1, at least one of
the equivalence classes does not contain any node in V. Therefore there should
exist two equivalence classes [u;], [u;], for ¢,5 = 1,...,m and i # j, such that
h(h(u;)) = h(h(u;)). If this was not the case, then h would induce a permutation
of h(uy), ..., h(uy) and the equivalence classes of hh would be the same as the
equivalence classes of h. But this is impossible because h(u;),...,h(uy,) € Vo
and by assumption we know that at least one of these equivalence classes does
not contain any node in Vg.

Hence, by applying & to h(V') we collapse [u;] and [u;], and we decrease the
number of equivalence classes of V. (In particular, several equivalence classes
might collapse with the application of h.) If the number of equivalence classes
with no element in Vg is > 1, then we apply the reasoning again until we find
a j for which A’ induces a partition of V where all equivalence classes contain a
representative in V. This is guaranteed by the fact that |h*+1(V)| < |h* (V)] at
each iteration i. We let g be h/. Clearly, g induces a partition of V¢ in |g(V)|
equivalence classes.

If |g(V)| divides ¢ we are done and we let A’ be the map g. Otherwise, there
exists an equivalence class X which contains at least [¢/|g(V)|] nodes of Vg,
since |g(V)| is not a divisor of g.

For i = 1,...,q and v € V we have a’g(v) € X for at least [g/|g(V)|] many
v’s. In particular, the nodes in the image of g while shifted along C' will belong
to X at least [¢/|g(V)|] - [¢(V)| times.

Since [¢/lg(V)|]-1g(V)| > g, then for some [v], [w] and some ¢ = 1,..., ¢, there
will be two distinct images g(v), g(w) such that g(v) # g(w) and a’g(v), a’g(w) €
X. But this means that ha‘g(v) = hag(w).

Let us consider the map ha'g. It is clear that halg(V) C Vo, that |haig(V)| <
|g(V)| and that ha'g induces a partition of Vg in |hatg(V)| equivalence classes. If
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ha'g satisfies the conclusions of the statement we will take it to be h’, otherwise
without loss of generality we call it g and re-iterate the construction until the
conditions of the statement are satisfied. |

We formulate now a basic definition. Let A and B be two sets. The symbol
A/ B denotes the difference between A and B.

Definition 2: Let C be a cycle in G. A C-cover relative to X C V is a
connected subgraph G’ of G which satisfies the following properties:

1. X C Ve and G’ contains C, and

2. {z € V| in-degree(z) =0 in G’} = X/Vg, and

3. for all £ € Vg, out-degree(x) = 1.

From the definition, it follows immediately that C is the only cycle in G', and
that given any zo € Vg, for all £ € X there is a unique path in G’ from z to
xo which passes through x( only once. In particular, this path has length < n,
where n is the order of the graph GG (here, we do not allow paths to loop around
o).

If a C-cover is relative to V' then we call it complete. Given any strongly
connected graph G and any cycle C in it, there is always a complete C-cover
for G. Take, for instance, the subgraph of G whose edges belong either to C
or to a chosen minimal path from a node of V to C. (From any node v € V,
we choose exactly one path to C. There might be several of them.) There are
many different C-covers and this is just one of them. In the following we will
be interested to look at C-covers relative to sets of nodes Vv, where C' is some
cycle in G. We always think of C' as being disjoint from C”.

Let us say that the numbers a, b, ¢, ...,k are relatively prime, if there is no
number but 1 that divides all of them. We shall use the notation (a,b,..., k) = 1.

THEOREM 3: Let £ = {ao,...,ak—1} be a language of k letters and G be a
directed graph whose nodes have out-degree k. Suppose that G contains h + 1
disjoint cycles Cy,C1,...,Cp of relatively prime lengths, for 1 < h < k, and
that there exists a complete Cy-cover and a Cj;-cover relative to Vg,, for each
1t =1,..., h, which are pairwise disjoint. Then G has a synchronizing coloring.

The idea of the proof is to construct a synchronizing word for the graph G by
going back and forth from Cy to Cy,...,Ch and by looping around these cycles
in some appropriate way. The conditions imposed on the C;-covers ensure that
this is possible.

Proof:  Let qo,q1,...,qn be the lengths of the cycles Cy,Cy,...Cp in G. We
color with ag the edges belonging to the Cy-cover and we color with ay, for [ < h,
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the edges belonging to the Cj-cover. Since the subgraphs are disjoint there is no
incompatibility of color assignment. We color all other edges in G in such a way
that each edge going out from a node will have a different color assigned to it.
In general there will be many ways to assign the remaining colors. Any one of
them is fine.

We want to show that there is a synchronizing map for G and we shall build
this map by steps. We start by applying to V' the map afj, where n is the order
of G. After n shifts along edges labelled by a; we surely end up into some node
of V¢,. This is because any path from z € V to a node in V¢, has length < n,
as we noticed in a remark after Definition 2. Hence, a3 (V) C Vg,. Moreover,
Ve, C aj(V), because the go nodes in Vi, are shifted by aff into ¢p distinct nodes
in Vg,. From this we imply that o (V) = V¢, and that |ag (V)| = go.

By hypothesis there is a cycle C; in G whose length ¢; does not divide ¢o. We
extend af to the map al'ay such that alaf (V) C Vg, (the argument to use to
infer the inclusion is the same as above). By Proposition 1 there is an extension h
of al'af such that h(V) C Vg, and |h(V)| is a divisor of ¢;. This means also that
|R(V)| < |a(V)|. If |A(V)| = 1 then we are done. Otherwise, we consider the
cycle C; whose length g; is not divisible by |h(V')| (such a value g; exists because
(g0,491,--.,9r) = 1 by hypothesis) and we repeat the reasoning described above
until we find |h(V)| = 1, for some h. |

In Theorem 3 we did not explicitly ask the graph G to be strongly connected.
In fact, there are graphs that satisfy the conditions of the theorem and which are
not strongly connected. Take, for instance, the graph G below (on the left)

where the node z on the top left is not reached by any other node on the right.
This graph contains two cycles Cy and C; (illustrated in the figure) of relatively
prime length. The graph on the right illustrates the complete Co-cover of G (in
dotted lines) and the Cj-cover relative to Cp (in thicker lines). Notice that there
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are two edges on the left of the graph which do not belong to any cover. By
Theorem 3 the graph has a synchronizing word.

Given k cycles Cy, ...,Ck—1 in G, we say that a monocyclic decomposition
of a graph G with nodes of out-degree k is a set of k disjoint complete C;-covers,
fori=0,...,k— 1. It is easy to check that the union of these covers is G.

COROLLARY 4 (Jonoska—Suen [JS95]): Suppose that G has a monocyclic
decomposition relative to the cycles Cy, . ..,Ci_1. Suppose also that these cycles
have relatively prime lengths. Then G has a synchronizing coloring.

Proof: The existence of a monocyclic decomposition of G (which, by definition,
is a set of k complete coverings of G) implies the existence of k — 1 coverings
relative to Cp. In fact, let each Cj-cover relative to Cy be the subgraph of the
complete Cj-cover which has V¢, as vertices of in-degree 0 and has as edges only
those edges which form directed paths from nodes in V¢, to nodes in Vg, for
i=1,...,k—1.

If we consider the Cy-cover of the monocyclic decomposition to be the complete
Cy-cover required by the hypothesis of Theorem 3, all conditions are satisfied and
G has a synchronizing coloring. |

To compare the strength of Theorem 3 to the corollary, let us consider the
following example (presented in [JS95])

which does not have monocyclic decomposition. This is easy to see by noticing
that there is a node in the left-hand side of the graph which has only one out-
going edge directed towards the right-hand side of the graph. Nevertheless, the
graph satisfies the conditions of Theorem 3 as illustrated below

where one can see two cycles Cy and C; (of length 2 and 3, respectively), the
complete covering relative to the cycle Cp which is described by dotted edges,
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and the C;-cover relative to Cp which is described by thick edges. The graph has
synchronizing coloring.

Another direction that illustrates the strength of the assumptions in Theorem 3
is described by the fdllowing graph with nodes of out-degree 3

where it is sufficient to determine the existence of only two covers (as indicated
in the graph on the right) instead of the three covers required by the corollary,
to assert the colorability of the graph.

3. Looping along a tree-like order of cycles

The statement of Theorem 3 can be generalized by noticing that the C;-covers
need not all be relative to V,. In fact it is enough to require a tree-like order
between the C;’s (where the root is labelled by Cy) in the sense explained by the
following example. Suppose we have five cycles Cg, C1,Ca, C3,Cy and a tree-like
order between them which fixes Cy as the father of Cy, C; as the father of Cy,
and C, as the father of both C3 and Cy. For us, the word father refers to the
“immediate predecessor” of a node in the tree-like order, and the symbol C' > D
denotes that C is the father of D. In Theorem 5 we show that the existence of
a Ci-cover relative to Vg, a Ca-cover relative to Vg, , a Cs-cover relative to Ve,
and a Cy4-cover relative to Vg, implies the colorability of G.

For convenience, we refer to a tree-like order of the “indexes” of the C;'s.
Namely, we think of the set {0,...,h} as being ordered as a tree: each node of
the tree is labelled by a different value in the set and the root is labelled 0.

THEOREM 5: Let £ = {ag,...,ax—1} be a language of k letters and G be a
directed graph whose nodes have out-degree k. Suppose that G contains h + 1
disjoint cycles Co,C4,...,Ch of relatively prime lengths (where 1 < h < k),
that there exists a complete Cy-cover and that there is a tree-like order of the
indexes {0,1,2,...,h} such that, for each i =1,...,h, there is a C;-cover which
is relative to Vg, for j > i in the order. Suppose also that the Cj-covers are
pairwise disjoint. Then G has a synchronizing coloring.

Proof: The proof of this theorem follows the same lines as the proof of
Theorem 3. The only difference consists in noticing that to pass from C; to
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C; we need to consider those paths which pass through all cycles of index I
lying between 7 and j in the tree-like order of {0,1,2,...,h}. Suppose this
order is i = jo > j1 > -+ > js = j. For each j. we know that there is
a way to go from Cj, to Cj,,, through the map aj , hence, by composing
the map aj, with a7, and so on, we shall end up into C; as wished. In case
J=Jo»ji> > js =1, then to go from C; to C};, we should pass through the
cycle Cy. Namely, we should consider the two orderings i =1lg =1y = --- =1, =0
and 0 = {41 > Lyo > -+ > I = 7 and compose the maps a?r’s as indicated
above. |

To see that Theorem 3 is a consequence of Theorem 5, notice that Theorem 3
considered in some implicit way the tree-like order defined by Cy > C;, for all
t=1,...,h. Because of this, to go from C; to C; was possible by passing through
Cy and by using the map al'af.

In the proofs of Theorems 3 and 5, the synchronizing coloring of the graph G
is built by assigning different colors to different covers of G. We could assign the
same color to strongly disjoint covers and still obtain a synchronizing coloring of
the graph. This observation leads to a statement where we no longer require the
number of cycles of relatively prime lengths to be bounded by the cardinality &
of the language. In fact, the number of cycles with relatively prime lengths might
be much larger than k.

THEOREM 6: Let L be a language of k letters and G be a directed graph whose
nodes have out-degree k. Let Cy,Cy,...,Cp, be cycles in G of relatively prime
lengths. Suppose that there exists a complete Cy-cover for G and that there is

a tree-like order of the indexes {0,1,2,...,m} such that, for eachi =1,...,m,
there is a Cj-cover which is relative to Vo, for j > i in the order. Suppose that
all C;-covers are pairwise disjoint and also that Cy,...,Cy, can be grouped in h

disjoint sets Si,...,Sn, where 1 < h < k, and that for all r, where 1 < r < A,
and all pairs of cycles C;,Cy € S,, the Cj-cover and the Cj-cover are strongly
disjoint. Then G has a synchronizing coloring.

Proof:  The proof follows the same lines as the proof of Theorem 5. The only
difference consists in the assignment of the colors to the edges: we assign the
color a; to the edges lying in a C-cover if C € S;, and we assign the color ag
to the edges lying in the Cp-cover; we color all other edges in G in such a way
that each edge going out from a node will have a different color assigned to it.
In general there will be many ways to assign the remaining colors. Any one of
them is fine.
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To check that there is no conflict in the labelling of G, let x be a node in G.
The node either belongs to a cover or not. If the node =z does not belong to a
cover, then there is only one out-going edge colored ag which is forced by the
assignment. If it belongs to a cover, say the Cj-cover, then we claim that there
is exactly one out-going edge from x which is labelled by a;. This is because all
C-covers, for C belonging to the same set S;, are strictly disjoint and therefore
z can belong to only one of them. (Notice also that if a Cj-cover is relative to
Ve, then the Cj-cover and the Cj-cover are not strongly disjoint, and therefore
C; and C; must belong to different sets and have different colors by construction,
as well as their covers.) The node z lying in the C;-cover might also belong to
some C-cover, where C' € S; and j # 7. In this case, there is an edge going out
from x which is labelled a;. In fact, there is ezactly one such edge, for the same
reasons as above. Also, there is an out-going edge labelled ay which belongs to
the Co-cover. No color for the other out-going edges is forced by the construction.
|

To see that Theorem 5 follows from Theorem 6, let each set S; be a singleton
containing the cycle C;, for it =1,..., h.

4. Looping between sets of cycles

The next definition introduces a weak notion of covering.

Definition 7: Let Cy,...,Cy, be strongly disjoint cycles in G and zy,...,z, be
nodes in Cy,...,C, respectively. A Ci,...,Cp-cover relative to X C V is a
connected subgraph G’ of G which satisfies the following properties:

1. X C Vg and G’ contains Cy,...,Cy,

2. {z € V| in-degree(z) =0in G'} = X/Ve, U---U Vg,

3. the out-degree of each x € Vg is 1,

4. foralli=1,...,n, there is a node v; € X and a path in G’ from it to z;.

As for Definition 2, Definition 7 implies that if there is a path from z to y in G’
that passes through y only once, then this path should be unique. Also, notice
that once a path reaches a cycle, then it cannot leave it anymore. This fact
implies, together with condition 4, that the number of strongly disjoint cycles
n < |X|.

Let S be a set of cycles C4,...,C,. We shall refer to the Cy,...,Cy-cover as
S-cover for short, and we shall use the notation Vg to refer to the set of nodes
Ve, U UVg,.
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We say that two numbers are coprime if (a,b) = 1. We also say that the
numbers a, b, ...,k are coprime if every two of them are coprime. To say this is
to say much more than to say (a,b,..., k) = 1.

THEOREM 8: Let £ = {ao,...,ax-1} be a language of k letters and G be a
directed graph whose nodes have out-degree k. Suppose that G contains a cycle
Co and h disjoint sets of strongly disjoint cycles S; = {C;1,...,Ci}, for 1 <
1 < h < k, such that the following properties are satisfied:

1. Cy is disjoint from the cycles in S;,

2. there exists a complete Cy-cover for G,

3. there is a tree-like order of the indexes {0,...,h} such that, for all i =

1,..., h, there exists a S;-cover relative to Vs, for j > i in the order,
4. all covers are pairwise disjoint,
5. there are cycles Co,C) j,,...,Ch j, (for some index jy,...,jn) which have

relatively prime lengths,
6. for eachi=1,...,h, the lengths of the cycles in S; are coprime.
If G is colored in such a way that each cover is monochromatic, then any map
h: V. — V¢, with the property that for each set S; and each pair of indexes j,1
withj#land 1< jl<r

JveVg,, FweVg,. hv)=h(w)

can be extended to a synchronizing coloring map.

The proof needs the Chinese Remainder Theorem stated here with a notation
which is convenient to our purposes.

THE CHINESE REMAINDER THEOREM: Let ki, ..., k, be positive integers which
are coprime, and let z,,...,x, be integers such that 0 < z; < k;. Then there
exists a positive integer v < ky - kg - ... ky, such that

rmodk; =x; foralli=1...n

Proof: Let G be a colored graph and h be a map which satisfy the condition in
the statement. We want to show that i can be extended to a synchronizing map.
The argument is more subtle here than in the proof of Theorem 5 but the idea
remains the same. We shall describe a way to extend h to a map h': V — V¢,
by steps so that |h(V)| > |h/(V)|. After finitely many steps we shall end up with
a constant map, i.e., a synchronizing map.

Let go,q1,...,qn be the lengths of the cycles Co,C) j,,...,Ch j, which, by
condition 5, are relatively prime. Let ¢; be the color associated to the S;-cover,
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where ¢; € {ag,...,ax—1}. (Notice that two strongly disjoint covers could be
colored with the same color.)

As remarked in the proof of Proposition 1, any map g: V — X where X C V
induces a partition of V in equivalence classes of the form

[v] = {u € V] g(v) = g(u)},

where each v € ¢g(V) should lie in a different equivalence class. In particular,
the map % and its extensions induce such partitions and we will use this fact
throughout this proof.

Our construction (of a map h': V. — Vg, such that |h(V)| > [h'(V)]) is
determined by two main cases which depend on whether |h(V)| divides go or
not.

If |h(V)| does not divide go, then we apply Proposition 1 and extend h to a
map h': V — Vg, where [h'(V)| divides go. Clearly |h(V)| > |h'(V')| and we are
done.

If |h(V)| divides go, then it does not divide g;, for some 7 = 1,..., A, since
(go,-..,qr) = 1. In this case, let 0 = ip > 33 > @2 > - > ix = ¢ be the relation
between the indexes 0 and 4, induced by the tree-like order of {0,1,2,...,k} (see
condition 3). We claim that

Jwo € Vg,Ing > 03ng > 0---Iny > 0, cﬁ*c?k"_‘ll ecprept (wo) € Ve, .-

To see this, let  be a node of Vg, ;. (= VCivjik) and apply condition 4 of
Definition 7 to find an element y in Vsl.k_1 from which there is a path to z. Notice
that there is a ny > 0 such that c[*(y) = z, because the S -cover relative to
Vsik-l

to the S;, _,-cover relative to Vsikq, we find a node 2 in Vgik_2 such that there is

is monochromatic by hypothesis. By applying condition 4 of Definition 7

a path from z to y and an integer nz.; > 0 such that c?k"_‘l‘ (z) = y. By repeating
the argument, we find a node wy € V¢, and integers ng_s,ng—3,...,n2,n1 > 0

such that

MNjo—
ket e M (wg) € Ve

ik k-1 i2 i1 i, "

We extend h to the map g: V — Vg, defined as ¢f*c;* 7} -+ ¢f2¢j cj°h, where
ng allows one to shift the image h(V) in such a way that wy € cg°h(V). (Here,
it is important that Cy be a cycle instead of a set of cycles, and this is because
we need to guarantee that wg lies in the image of g. If Cy was replaced by a set
of cycles Sy in the statement of the theorem and if wy € C for C € Sy, then we
would have that no node in V¢ would belong to h(V) and therefore we would

not be able to extend A in a suitable way. Moreover, even if we would explicitly
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ask for this condition to be satisfied in the statement, we would not be able to
preserve it in the following steps of the construction.)

There are two cases that we shall consider.

First, suppose that the image of g: V' — Vg, lies in several cycles of S;. Formally
speaking we ask that g(V) € Vo, U---U Vg, for Cy,...,C, € S; and that
g(V) & Ve, ,, (think of C; j, as being one of the cycles C; for 1 = 1,...,n). We
look whether there are two (or more) values in the image g(V') which belong to
the same equivalence class induced by h. If these values exist, then we know that
lhg(V)| < |g(V)| and we are done. If they do not exist, then by the Chinese
Remainder Theorem there is a r such that ¢fg(V) contains at least two values
which belong to the same equivalence class induced by h. We shall consider the
extension hcfg and we are done (since |hefg(V)| < |cfg(V)]).

To see how the Chinese Remainder Theorem helps, let Cy, ..., C, be the cycles
in S; where the image of g ends up. Let ko, ..., k, be the lengths of these cycles.
By hypothesis, there is an equivalence class induced by h (and, more precisely,
by h) which contains at least two nodes lying in two distinct sets Ve;, Ve, for
1 < 4,1 < n. In fact, the hypothesis says that for any pair of indexes 7, ! such
that j # [ and 1 < 5,1 < n, there are two nodes z; € Vg, and x; € Vg, such
that h(z;) = h(z;) (and hence g(z;) = g(x1)). Let us fix a pair j,{ and let us
imagine the nodes of the cycles C;, for ¢ € {j,}, to be numbered from 0 to k; —1
(following a clockwise orientation) in such a way that 0 coincides with g(z;) in
C; and coincides with g(x;) in C;. By the Chinese Remainder Theorem we know
that there is a r < k; - k; such that, after r shifts (by looping around the cycles
C; and C; maybe several times), we end up in z; and ;. This explains the use
of the Chinese Remainder Theorem.

Suppose now that g(V) C Vg, ;.. If [g(V)| < |h(V)|, then we let h’ be the map
hg: V — Vg, and we are done. Otherwise, we know that g(V) does not divide
gi. Hence, we can apply Proposition 1 to extend g to a map h": V — V, where
[R (V)| divides ¢;. Clearly |g(V)| > |h"(V)]. We let A’ be the map hh” and we
are done.

This concludes the construction. The argument should be iterated until a
constant map is found. 1

Remark 9: O’Brien proves his result (see introduction; [OBr81]) for graphs of
out-degree 2. He observes that any aperiodic, strongly connected graph G of
degree £ > 2 and with a cycle of prime length n, contains an aperiodic and
strongly connected subgraph G’ with out-degree 2 and a cycle of prime length
n. Once a synchronizing coloring for the subgraph G’ is found, then it is easy to
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extend it to a coloring for the whole graph G.

The reduction to graphs of out-degree 2 cannot be used in our setting. In
fact, O'Brien’s proof works with one C-cover (a complete cover called “C-tree”
in [OBr81]), and splits the set of edges in the graph into two disjoint sets, one
of which will be homogeneously colored and the other will be colored with the
remaining k — 1 colors. In Theorems 3 and 5, we need to handle h + 1 distinct
C-covers. This induces a splitting of the set of edges in the graph into h + 2
disjoint sets, where h + 1 of these sets will be homogeneously colored with & + 1
distinct colors. In Theorems 6 and 8, we consider h + 1 sets of C-covers and
handle them similarly.
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